Introduction and Preliminaries
Recently, some researchers used the Reccati transformation techniques, fixed point theorems, and iterative algorithms to study the oscillation, nonoscillation, asymptotic properties, and solvability for linear and nonlinear third order difference equations and systems; see, for example, [1] [2] [3] [4] [5] [6] and the references therein. In particular, Saker [4] , Andruch-Sobilo and Migda [1] , and Grace and Hamedani [2] discussed the oscillation for the following third order difference equations: 
Making use of the Schauder fixed point theorem, Banach fixed point theorem, and Mann iterative schemes, Yan and Liu [5] and Liu et al. [3] , respectively, proved the existence of a bounded nonoscillatory solution for the third order difference equation:
and the existence of positive solutions and convergence of the Mann iterative schemes for the following third order nonlinear neutral delay difference equation:
+ Δℎ ( , (ℎ 1 ( )) , (ℎ 2 ( )) , . . . , (ℎ ( ))) + ( , ( 1 ( )) , ( 2 ( )) , . . . , ( ( ))) = ( ) ,
However, the following third order nonlinear neutral delay difference equation: has not been studied. The purpose of this paper is to study solvability of (4) . By utilizing the Krasnoselskii fixed point theorem, Schauder fixed point theorem and some new techniques, we establish the existence, multiplicity, and properties of positive solutions of (4) . Six examples are constructed to illuminate our results.
Throughout this paper, we assume that Δ is the forward difference operator defined by Δ ( ) = 
It is easy to see that Ω( * , * , ) is a bounded closed and convex subset of ∞ .
By a solution of (4), we mean a sequence { ( )} ∈N ∈ ∞ with a positive integer ≥ 0 + + such that (4) holds for all ≥ . The following lemmas play important roles in this paper.
Lemma 1 (see [6] 
This completes the proof.
Existence of Positive Solutions
Now we discuss the existence, multiplicity, and properties of positive solutions of (4) under various conditions on the sequence { ( )} ∈N ⊆ R. 
(ii) equation (4) Proof. (i) Let ∈ ( + * * , ). It follows from (16) and (17) that there exists ≥ 0 + + satisfying
Define two mappings and
for any = { ( )} ∈N ∈ Ω( * , * , ).
Now we show that
Using (14), (15), and (20)-(22), we get that for any
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which yield the fact that (23)-(25) hold. Next we show that is completely continuous. Let = { ( )} ∈N and = { ( )} ∈N ∈ Ω( * , * , ) with
Using (16), (17), (27) , and the continuity of , , and ℎ, we know that for given > 0, there exist 1 , 2 , 3 and 4 ∈ N with 4 > 3 > 2 > 1 > satisfying
Combining (15), (22), (28), and (29), we infer that
which implies that is continuous in Ω( * , * , ). It follows from (15), (22), and (28) that for any
which means that (Ω( * , * , )) is uniformly Cauchy, which together with (25) and Lemma 1 yields that (Ω( * , * , )) is relatively compact. Hence is completely continuous in Ω( * , * , ). Thus (14), (24), and Lemma 2 ensure that the mapping + has a fixed point = { ( )} ∈N , which together with (21) and (22) implies that
which gives that
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that is, = { ( )} ∈N ∈ Ω( * , * , ) is a positive solution of (4). It follows from (15)- (17), and (32) that
which yield that
that is, (18) and (19) hold.
(ii) Let 1 , 2 ∈ ( + * * , ) and 1 ̸ = 2 . As in the proof of (i), we infer that for each ∈ {1, 2}, there exist a constant ≥ 0 + + and two mappings and : Ω( * , * , ) → ∞ satisfying (20)- (22), where , , and are replaced by , , and , respectively, and + possesses a fixed point = { ( )} ∈N , which is a positive solution of (4) ; that is,
Note that (16) and (17) imply that there exists * > max{ 1 ,
which together with (15) and (36) means that for any ≥ *
which implies that
which yields that 1 ̸ = 2 . Therefore (4) possesses uncountably many positive solutions in ∞ . This completes the proof. 
∞ with (19) and
(ii) equation (4) Proof
which yields that there exists ∈ N satisfying * + (
It follows from (16) and (17) that there exist ∈ (0, 1) and > max{ 0 + + , } satisfying
Now we show that (23), (48), and (49) below hold
Using (15) and (44)- (47), we get that for any
which yield (23), (48), and (49).
Next we show that is completely continuous. Let = { ( )} ∈N and = { ( )} ∈N ∈ Ω( * , * , ) with (27).
Using (16), (17), (27), (47), and the continuity of , , and ℎ, we know that for given > 0, there exist 1 , 2 , 3 , and 4 ∈ N with 4 > 3 > 2 > 1 > + satisfying
Combining (15), (47), (51), and (52), we infer that
which implies that is continuous in Ω( * , * , ).
It follows from (47) and (51) that for any
which means that (Ω( * , * , )) is uniformly Cauchy, which together with (49) and Lemma 1 yields that (Ω( * , * , )) is relatively compact. That is, is completely continuous in Ω( * , * , ). Thus (44), (48), and Lemma 2 ensure that the mapping + has a fixed point = { ( )} ∈N ∈ Ω( * , * , ), which together with (46) and (47) yields that
which means that
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that is, = { ( )} ∈N ∈ Ω( * , * , ) is a positive solution of (4). By means of (15)-(17) and (56), we deduce that
which ensures that (41) holds. The proof of (19) is similar to that of Theorem 5 and is omitted.
(ii) Let 1 , 2 ∈ ( * + ( * + * )( * / * ), * + * * / * − * ) and 1 ̸ = 2 . As in the proof of (i), we deduce that, for each ∈ {1, 2}, there exist ∈ (0, 1), ≥ 0 + + , and two mappings and : Ω( * , * , ) → ∞ satisfying (43)-(47), where , , , , and are replaced by , , , , and , respectively, and + possesses a fixed point = { ( )} ∈N ∈ Ω( * , * , ), which is a positive solution of (4); that is,
In view of (15), (59), and (60), we infer that for any ≥ *
which yields that 1 ̸ = 2 . That is, (4) possesses uncountably many positive solutions in ∞ . This completes the proof. 
Then (i) equation (4) possesses a positive solution = { ( )} ∈N ∈ ∞ with (19) and
(ii) equation (4) Proof. (i) Let ∈ ( , + * * ). It follows from (16) and (17) that there exists ≥ 0 + + satisfying
Define two mappings and : Ω( * , * , ) → ∞ by (21) and (22). Now we show that (23), (66) below hold:
Using (15), (21), (22), (63), and (65), we get that for any = { ( )} ∈N , = { ( )} ∈N ∈ Ω( * , * , ),
. , ( ( ))) − ( )]
Abstract and Applied Analysis 15
which yield (21) and (66). The rest of the proof is similar to that of Theorem 5. This completes the proof. 
(ii) equation (4) 
which means that there exists ∈ N satisfying * + ( * + * ) < * + ( * + * ) (1 + ) < < * + * − * * *
(1 + )
It follows from (16) and (17) that there exist ∈ (0, 1) and (1 + )
. . , ( ( )))
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which yield (23), (25), and (48). Next we show that is completely continuous. Let = { ( )} ∈N and = { ( )} ∈N ∈ Ω( * , * , ) with (27).
Using (16), (17), (27), and the continuity of , , and ℎ, we know that for given > 0, there exist 1 , 2 , 3 , and 4 ∈ N with 4 > 3 > 2 > 1 > + satisfying ( 1 ( )) , . . . , ( ( ))) − ( , ( 1 ( )) , . . . , ( ( ))) ,
Combining (15), (47), and (74), we infer that ( 1 ( )) , . . . , ( ( ))) − ( , ( 1 ( )) , . . . , ( ( ))) ( 1 ( )) , . . . , ( ( ))) − ( , ( 1 ( )) , . . . , ( ( ))) :
It follows from (47) and (68) that for any
which means that (Ω( * , * , )) is uniformly Cauchy, which together with (25) and Lemma 1 yields that (Ω( * , * , )) is relatively compact. That is, is completely continuous in Ω( * , * , ). Thus (25), (48), and Lemma 2 ensure that the mapping + has a fixed point = { ( )} ∈N ∈ Ω( * , * , ), which together with (46) and (47) implies that
That is, = { ( )} ∈N is a positive solution of (4) . The rest of the proof is similar to that of Theorem 6 and is omitted. This completes the proof. 
Then (i) equation (4) 
Proof. (i) Let ∈ ( , ). It follows from (78)-(80) that there exists
Define a mapping : Ω( * ,
Now we show that
It follows from (15), (83)- (85), and Lemma 4 that for any = { ( )} ∈N ∈ Ω( * , * , )
which yields that
that is, (86) and (87) hold. Next we show that is continuous and (Ω( * , * , )) is uniformly Cauchy. Let = { ( )} ∈N and = { ( )} ∈N ∈ Ω( * , * , ) with
Using (15), (78), and (80) the continuity of , , and ℎ, we know that for given > 0, there exist 2 > 1 > satisfying
Combining (15), (91), and Lemma 4, we infer that
)) : ( 1 ( )) , . . . , ( ( ))) − ( , ( 1 ( )) , . . . , ( ( )))
which implies that is continuous in Ω( * , * , ). It follows from (80), (85), and Lemma 4 that for any = { ( )} ∈N ∈ Ω( * , * , ) and
. , ( ( )))
Abstract and Applied Analysis 23
which means that (Ω( * , * , )) is uniformly Cauchy, which together with (87) and Lemma 1 yields that (Ω( * , * , )) is relatively compact. It follows from Lemma 3 that the mapping has a fixed point = { ( )} ∈N ∈ Ω( * , * , );
that is,
It is easy to verify that (95) implies that
24
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which together with (81) gives that = { ( )} ∈N ∈ Ω( * , * , ) is a positive solution of (4). It follows from (78), (79), (95), and Lemma 4 that
that is, (82) holds. The proof of (19) is similar to that of Theorem 5 and is omitted.
(ii) Let 1 , 2 ∈ ( , ) and 1 ̸ = 2 . Similarly we conclude that for each ∈ {1, 2}, there exist a constant ≥ 1 + +| | and a mapping : Ω( * , * , ) → ∞ satisfying (83)- (87), where , , and are replaced by , , and , respectively, and possesses a fixed point = { ( )} ∈N ∈ Ω( * , * , ), which is a positive solution of (4); that is,
Note that (79) and (80) imply that there exists * > max{ 1 ,
In view of (15), (99), (100), and Lemma 4, we infer that for any
which yields that 1 ̸ = 2 . Thus (4) possesses uncountably many positive solutions in Ω( * , * , ). This completes the proof. 
Then (i) equation (4) possesses uncountably many positive solutions = { ( )} ∈N ∈ ∞ with (19) and
(ii) equation (4) Proof. (i) Let ∈ ( , ). It follows from (15)- (17) and (80) that there exists ≥ 0 + + satisfying (83) and
Define a mapping : Ω( * , * , ) → ∞ by
Now we show that (86) and (87) hold. It follows from (15), (83), (104), and (105) that for any = { ( )} ∈N ∈ Ω( * , * , )
26
which yield that (86) and (87) hold. Next we show that is continuous and (Ω( * , * , )) is uniformly Cauchy. Let = { ( )} ∈N and = { ( )} ∈N ∈ Ω( * , * , ) with (90). Using (16), (17), (80), and the continuity of , , and ℎ, we know that for given > 0, there exist 1 , 2 , 3 , and 4 ∈ N with 4 > 3 > 2 > 1 > + satisfying
Combining (15) and (105)- (108), we infer that
−ℎ ( , (ℎ 1 ( )) , . . . , (ℎ ( )))
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which implies that is continuous in Ω( * , * , ). It follows from (15), (108), and (109) that for any = { ( )} ∈N ∈ Ω( * , * , ) and 1 , 2 ≥ 4
that is, 
which yields that 
which together with (102) means that = { ( )} ∈N ∈ Ω( * , * , ) is a positive solution of (4). In view of (15)- (17) and (113), we get that 
that is, (103) holds. Similar to the proof of Theorem 5, we deduce that (19) holds.
(ii) Let 1 , 2 ∈ ( , ) and 1 ̸ = 2 . Similarly we obtain that for each ∈ {1, 2}, there exist a constant ≥ 0 + + and two mappings : Ω( * , * , ) → ∞ satisfying (83), (104), and (105), where , , and are replaced by , , and , respectively, and possesses a fixed point = { ( )} ∈N ∈ Ω( * , * , ), which is a positive solution of (4); that is, 
In view of (15), (117), and (118), we infer that for any ≥ * 
which yields that 1 ̸ = 2 . Therefore (4) possesses uncountably many positive solutions in ∞ . This completes the proof.
Illustrative Examples
Now we suggest six examples to explain the results presented in Section 2. Notice that none of the known results can be applied to these examples. 
